In this paper, dynamics and complexity of the integer-order and fractional-order centrifugal flywheel governor systems are investigated numerically by the bifurcation diagram, Lyapunov exponents (LCEs), chaos diagram and spectral entropy (SE) algorithm separately. Moreover, the effect of periodic force and stochastic noise on the dynamics and complexity of the integer-order and fractional-order systems also are analyzed. Finally, the multistability of the system is discussed by coexisting attractors and the basins of attraction. The results show that the fractional-order system has rich dynamical behaviours. Stochastic noise has a great effect on dynamics and complexity of the integer-order and fractional-order systems. The high complexity region is determined and SE complexity can indicate different state of the system effectively. And the integer-order and fractional-order systems show multistability with the variation of initial conditions.
I. INTRODUCTION
At present, chaos has been found in many different real systems such as epidemic system [1] , financial system [2] , HIV system [3] , stock system [4] and traffic system [5] . The main reason is that these physical systems are nonlinear or have external disturbances. Meanwhile, multistability has been studied in nonlinear systems including the memristor systems [6] - [10] and some chaotic systems [11] - [15] . These systems show offset boosting attractors, multiple coexisting attractors and hidden attractors. In fact, chaos and multistability are threats to many physical systems since they may generate unpredictably states with initial conditions. It is still an interesting topic to investigate chaos and multistability in the real physical systems.
The centrifugal flywheel governor system describes a device which is automatically controlled by the speed of an engine and can prevent the damage caused by a sudden The associate editor coordinating the review of this manuscript and approving it for publication was Meng Huang . change of load torque. Dynamics, chaos, Hopf bifurcation and control of the centrifugal flywheel governor system have been studied by many researches [16] - [21] . For instance, Aghababa and Aghababa [18] , [19] investigated the robust control and finite-time stabilization of a centrifugal flywheel governor system with nonlinearities in control inputs. In the real applications, external disturbances including periodic disturbance and noise always exist. In fact, it shows that those external disturbances can determine dynamics of the nonlinear systems [22] - [24] . Obviously, there exist mechanical friction and periodic force from the motor in the centrifugal flywheel governor system. External disturbance and stochastic noise should be considered in the centrifugal flywheel governor system.
Fractional-order derivative has been proposed for more than 300 years. It provides a better mathematical tool for system modeling due to its global correlation and historical memory effect [25] . Actually, fractional-order derivative has shown great application value in some fields such as signal and image processing, secure communication and machinery mechanics [26] - [28] . Montesinos-García and Martínez-Guerra [26] got the conclusion that the fractionalorder chaotic system can keep data safe from the most common types of cryptanalysis and handling large colour images while producing no data loss. Shen et al. [27] , [28] found that fractional-order derivative could make engineers obtain satisfactory vibration control performance and keep the frequency characteristics almost unchanged. Recently, Sun et al. [29] reviewed the current work with fractional calculus in science and engineering field. It is found that the fractional calculus has been widely used in different research fields such as quantum mechanics, electromagnetic oscillation, system control, material mechanics and nonlinear system [30] - [33] . Meanwhile, by introducing the fractional derivative to these existing models, the system can show different characteristics [34] - [37] . For example, Kingni et al. [34] investigated a three-dimensional autonomous chaotic system with a circular equilibrium. For specific parameters, both the integer-order system and fractional-order system display chaotic attractors, but the order has to be less than three for the fractional-order system if chaos exists. He et al. [35] found that a fractional-order Lorenz hyperchaotic system contains rich dynamical behaviors, however, the corresponding integer-order system is periodic under the same conditions. Because there are few concerns on the dynamics of fractional-order centrifugal flywheel governor system, we introduce fractional calculus to this system for better analysis.
Motivated by the above discussions, dynamics, multistability and complexity of a centrifugal flywheel governor system with fractional calculus and stochastic noise are studied. The outline of this paper is given as follows. In Sec.2, the integerorder and fractional-order centrifugal flywheel governor systems are presented. In Sec.3, dynamics of the integer-order and fractional-order systems are investigated numerically by the bifurcation diagram and Lyapunov exponents (LCEs). In Sec.4, multistability in the system is analyzed by means of coexisting attractors and basin attraction plots. In Sec.5, the results are summarized.
II. THE PHYSICAL MODEL OF THE CENTRIFUGAL FLYWHEEL GOVERNOR SYSTEM A. THE CENTRIFUGAL FLYWHEEL GOVERNOR SYSTEM
The mechanics model of the centrifugal flywheel governor is depicted in Fig. 1 . The motor drives the flywheel to rotate with angular velocity ω. The flywheel is joined to the axis through a gear box, so the axis rotates with angular velocity nω. Rods 1 and 2 have length l and are joined to a hinge at the end of the axis. Both rods are also attached to a ball of mass m. The balls are also connected to a sleeve over the axis by rods 3 and 4. A linear spring of stiffness k is attached to the sleeve, covering the upper portion of the axis. The vapor's flux Q into the steam engine is adjusted by a mechanical governor on the sleeve, which is set to make the flywheel rotate at a certain angular velocity ω 0 . When ω = ω − ω 0 = 0, the balls will move outward or inward, and the sleeve will slide up or down. With some assumptions, the motion of the mechanical autonomous centrifugal flywheel governor is given by [19] , [20] 
where, I is the moment of inertia of the machine, c is the damping coefficient, ϕ is the angle between the axis and the rods, F is the external force, g is the coefficient of gravity. Let x = ϕ, y =φ, z = ω, then (1) can be written as the standard form of the three-dimensional autonomy system:
where e = 2k m , b = c 2ml 2 . Let the right end of (2) be equal to zero, then the equilibrium point of the system can be obtained as:
The above system (2) is proposed ideally. In fact, there are always random factor in the system due to the motor as well as the external disturbance. In order to investigate the dynamical behavior of the system, external forces F = (P+αcosϕ 0 )−P 1 exerted on the system is represented by F = (P + αcosϕ 0 ) − P 1 +Iasin(ωt), where, P 1 is the torque produced by the steam engine and P is the load torque, when ω = ω 0 , P 1 = P 1 . When periodic force and stochastic noise are considered to the system, the following three-dimensional non-autonomous VOLUME 8, 2020 system is obtained
where f (t) = asin(ωt) + εξ (t), ε is the force of stochastic noise and ξ (t) is the is the white Gaussian independent noises given by < ξ (t) >= 0, < ξ (t), ξ (τ ) >= δ(t − τ ). The white Gaussian noise is one of the most used stochastic noise and in simulations. The main reason is that the noise in real systems, for example, the electronic systems, is the thermal noise. And the thermal noise is a classic white Gaussian noise. Meanwhile, the centrifugal flywheel governor has a motor to make it work and there is an external periodic force applied in the governor and it has the form of asin(ωt). Thus the selected disturbance has the form of sine function plus white Gaussian noise. By introducing the fractional-order derivative to the system (4), the fractional-order centrifugal flywheel governor system is obtained, and it is defined by
where D q t 0 is the q-order Caputo differential operator [38] . The Caputo definition is given in Definition 1.
Definition 1 [38] : The Caputo fractional-order derivative definition is given by
where q ∈ R + , m ∈ N and (·) is the Gamma function. According to the definition of fractional calculus above, the integer-order case is a special case of the fractional calculus. Thus in this sense, the fractional-order model is more accurate for analysis of the centrifugal flywheel governor system.
B. NUMERICAL SOLUTION ALGORITHM
The ABM algorithm is proposed by Sun et al. [39] , and it is widely used to solve the fractional-order nonlinear systems. Supposed that the fractional-order nonlinear system is defined as
where x (k) (0) = x (k) 0 is the initial condition of the system, 0 < q ≤ 1, · is the ceil function and D q t 0 x(t) is the Caputo derivative.
According to Sun et al. [39] , system (7) is equivalent to the Volterra integral equation
where
Let h = T /N , t j = jh (j = 0, 1, · · · , N ∈ Z + , the discrete solution of system (7) is (10) in which
Here,
and
Applying the above solution algorithm to the fractionalorder centrifugal flywheel governor system, we have
Thus, numerical solution the proposed fractional-order system is obtained.
III. DYNAMICS AND COMPLEXITY OF THE CENTRIFUGAL FLYWHEEL GOVERNOR SYSTEM
In the section, the bifurcation diagram, LCEs and phase diagram are employed to investigate the dynamics of the centrifugal flywheel governor system. The integer-order system is solved by the fourth-order Runge-Kutta algorithm [40] (ODE45.m) where q = 1, and the fractional-order system is solved by the ABM algorithm [39] where q < 1. In the following analysis process, we fix the system parameters n = 3, l = 1.5, b = 0.4, F = 0.3, I = 1.2, e = 0.3, g = 9.8 and α = 0.611. Here, the set of parameters used in this paper are typical parameters for studying the centrifugal flywheel governor system [19] , [20] .
A. DYNAMICS ANALYSIS
Dynamics of the integer-order centrifugal flywheel governor system with the variation of a and ε is analyzed. Three cases are presented. Case 1: Fix ε = 0, and vary the system parameter a from 0.2 to 1.4 with step size of 0.003, and the initial values are set as [x 0 , y 0 , z 0 ] = [±1.5, 0, 2]. Bifurcation diagram and LCEs results are illustrated in Fig. 2 . It shows that the system is chaotic for a ∈ [0.2, 0.642] and [0.779, 1.136], so in this condition the system is in an unstable state of motion. Chaotic motion can damage the system, so we should avoid leaving the system in a chaotic state in practical application. For the rest values of a, the system is periodic, which means the motion of the system is a steady periodic motion in this condition. In Fig. 2(a) , the blue points represent the x max for the initial values [x 0 , y 0 , z 0 ] = [1.5, 0, 2], red points for [x 0 , y 0 , z 0 ] = [−1.5, 0, 2]. It can be seen that the phenomena of coexistence is observed in the chaotic interval of a ∈ [0.2 0.284] and the periodic interval of a ∈ [1.136 1.4], because the system trajectory is bifurcated and shows the multiple stable phenomena in these two intervals, which means the system may show different state with different initial values. Phase diagrams in different stage are plotted as shown in Fig. 3 for a = 0.22, 0.7, 1.1, and 1.3 respectively. Where, Fig.3 (a) results are shown in Fig. 4 . Through comparing Fig. 4 with Fig. 2 , we can see when stochastic noise is considered in the inter-order system, the dynamics of the system have been greatly affected. Firstly, the chaotic interval of a becomes to [0.473, 0.905] and [1.284, 1.4], and the periodic interval becomes to [0.2, 0.473] and [0.905, 1.284]. What's more, coexisting attractors only occur in the periodic interval of a ∈ [0.2 0.473]. Based on the above analysis, it can be seen that stochastic noise does have a great effect on dynamics of the inter-order system. Case 3: Fix a = 0.4, and let ε from 0.1 to 0.5 with step size of 0.005, and the initial values are also set as [x 0 , y 0 , z 0 ] = [±1.5, 0, 2]. Dynamical behaviours results are shown in Fig. 5 . From LCEs Fig. 5(b) , it can be seen that the system is chaotic when ε < 0.039. For the rest values of ε, the system is periodic. Bifurcation diagram Fig. 5(a) shows that the interval in which coexisting attractors occur is the same as the chaotic interval. Meanwhile, the dynamics of the system decreases with the value of stochastic noise increases. When ε = 0.5, the system is completely controlled by noise.
Dynamics of the fractional-order centrifugal flywheel governor system with the variation of the derivative order q, a and ε is analyzed. Four cases are presented.
Case 1: Fix ε = 0 and q = 0.98, and vary the system parameter a from 0.2 to 1.4 with step size of 0.003, and the initial values are set as [x 0 , y 0 , z 0 ] = [±1.5, 0, 2].
Bifurcation diagram and LCEs results are showed in Fig. 6 Fig. 6(a) , the blue points represent the x max for the initial values [x 0 , y 0 , z 0 ] = [1.5, 0, 2], red points for [x 0 , y 0 , z 0 ] = [−1.5, 0, 2]. It can be seen that the system shows the phenomena of coexistence for almost all of the periodic interval and state vibration interval, but do not for any of the chaotic interval, because the system trajectories are overlapping in the chaotic interval. Phase diagrams in different stage are plotted as shown in Fig. 7 for a = 0.4, 0.52, 0.9, 0.96, 1.05 and 1.3 respectively. Different sates including chaotic attractor, periodic circle and quasi-periodic circle are observed in the system. Where Fig.7 Fig.7 (c) is a example of quasi-periodic circle. According to the above analysis, the fractional-order system has rich dynamical behaviours. Fractional-order derivative have a significant impact on the dynamics of the system. Case 2: Comparing with case 1, just the value of stochastic noise parameter ε changes from 0 to 0.1. Dynamical analysis results are shown in Fig. 8 . It shows that the system is chaotic for a ∈ [0.647, 0.808]. For the rest values of a, the system is periodic. And coexisting attractors only occur in the periodic interval of a ∈ [0.2 0.647]. By comparing the analysis results with case 1, it can be found that when stochastic noise is considered in the fraction-order system, the dynamics of the system have been greatly affected.
Case 3: Fix ε = 0 and a = 0.4, and let q from 0.98 to 1 with step size of 0.0002, and the initial values are also set as [x 0 , y 0 , z 0 ] = [±1.5, 0, 2]. Dynamical behaviours results are shown in Fig. 9 . It shows that the system is chaotic when q > 0.9903. For the rest values of q, the system is periodic. When q < 0.9922, the system trajectory shows the phenomena of coexistence.
Case 4: Comparing with case 3, just the value of stochastic noise parameter ε changes from 0 to 0.1. The bifurcation diagram is shown in Fig. 10(a) , and its corresponding LCEs result is illustrated in Fig. 10(b) . By comparing Fig. 10 with Fig. 9 , we can find that when stochastic noise is considered in the fraction-order system, dynamics of system with q varying is completely affected. In this case, the system is periodic for all of the values of q. And coexisting attractors also occur for all q. It can be known that noise also have a great effect on dynamics of the fractional-order system.
B. SPECTRAL ENTROPY ANALYSIS
Complexity of the chaotic time series is measured by means of spectral entropy(SE) algorithm [41] . SE algorithm is designed in the frequency domain and has been widely used to estimate complexity of chaotic time series [41] , [42] . SE reflects the disorder in the Fourier transformation domain. A flatter spectrum has a larger value of SE, which shows a higher complexity of the time series. The SE algorithm can be calculated briefly as follows.
For a given time series {x(n), n = 0, 1, 2, . . . , N -1} with a length of N , let x(n) = x(n) − x, where x is the mean value of time series. Its corresponding DFT is defined by
where k = 0, 1 . . . , N − 1 and j is the imaginary unit. If the power of a discrete power spectrum with the k th frequency is |X (k)| 2 , then the ''probability'' of this frequency is defined as
When the DFT is employed, the summation runs from k = 0 to k = N /2−1. The normalization entropy is denoted by [34] where ln(N /2) is the entropy of completely random signal.
Fix the initial values of state variables [x 0 , y 0 , z 0 ] = [1.5, 0, 2], the SE complexity of the integer-order centrifugal flywheel governor system with a varying is calculated. Time series x is used for complexity measure and the length of the time series is 20000 with the first 10000 points of data removed. The results are shown in Fig. 11 . In Fig. 11 , higher complexity is found when the system is chaotic and complexity of the system is relatively small in the periodic interval. This result agrees well with the analysis results by the corresponding maximum Lyapunov exponents (Fig. 2 (b) and Fig. 4 (b) ). We also can find, the interval where SE complexity value is bigger than 0.2 contains almost all the chaotic intervals. The analysis results indicate that SE complexity can better distinguish different states of this system.
In order to further study the SE complexity of the integerorder and fractional-order centrifugal flywheel governor system. SE-based chaos diagram is used and four cases are presented below. Case 1: Divide the parameter a versus parameter ε into 150 × 150 parts, where a ∈ [0.2, 1.4], ε ∈ [0, 0.1], and the initial condition is [x 0 , y 0 , z 0 ] = [1.5, 0, 2], the SE complexity for each point (a, ε) in the a − ε plane is calculated and shown in Fig. 12 . It can be seen that in the upper left corner, high complexity region(SE complexity value is bigger than 0.2) is observed and it's region is mainly located in six small triangular areas, at the same time, three small triangular areas which complexity values are close to zero are also found in the upper left corner. The SE-based chaos diagram provides a basis for parameter choice of the inter-order centrifugal flywheel governor system. Case 2: SE complexity in the parameter a − ε plane are calculated where a varies from 0.2 to 1.4, ε varies at the range [0, 0.5], the sampling points of a and ε are 150 × 150 and the initial condition is [x 0 , y 0 , z 0 ] = [1.5, 0, 2]. The analysis results are shown in Fig. 13 . According to Fig.13 , high complexity region is located in two small banded areas of the upper left corner and it's range is very narrow, so we should be careful for the range of parameters in practical application. Compare Fig. 13(a) with Fig. 13(b) , it can be found that the change of derivative order q has little effect on SE-based chaos diagram in the a − ε plane for the fractionalorder centrifugal flywheel governor system. Case 3: Divide the derivative order q versus parameter ε into 150 × 150 parts, where q ∈ [0.98, 1], ε ∈ [0, 0.1], and the initial values are set as [x 0 , y 0 , z 0 ] = [1.5, 0, 2], the SE complexity in the q − ε plane is shown in Fig. 14. Fig. 14(a) shows that when a = 0.4, high complexity region is mainly located in the area for ε < 0.1. When a = 1 (Fig. 14(b) ), high complexity region move right to the area for ε < 0.23, but there is an interval of ε ∈ [0.01, 0.1] with a very small complexity value. Therefore, parameter a has a great effect on the left high complexity region of the q − a plane for the fractional-order centrifugal flywheel governor system. Case 4: SE complexity in the parameter q − a plane are calculated where q varies from 0.98 to 1, a varies at the range [0.2, 1.4], the sampling points of a and ε are 150 × 150 and the initial condition is [x 0 , y 0 , z 0 ] = [1.5, 0, 2]. The analysis results are shown in Fig. 15. Fig. 15(a) shows that when noise is not considered in the fraction-order system, there are three large triangular areas with high complexity mainly concentrated in a ∈ [0.2, 0.6], [0.8, 1.1] and [1.2, 1.4]. Fig. 15(b) indicates that when parameter stochastic noise ε = 0.1, the area with high complexity mainly concentrated in a ∈ [0.5, 0.9] is about one third of the area when stochastic noise ε = 0, and the location of the high complexity area has also changed. Based on the above analysis, it can be known that stochastic noise has an inhibitory effect on the complexity of the system and the influence of noise on the fraction-order system dynamics can not be ignored.
IV. MULTISTABILITY IN THE CENTRIFUGAL FLYWHEEL GOVERNOR SYSTEM
In this section, the multistability of the integer-order and fractional-order centrifugal flywheel governor systems are analyzed by coexisting attractors and the basins of attraction.
The basins of attraction can provide detail information about the coexisting attractors [43] . Suppose, a = 0.3, the initial values are set as [x 0 , y 0 , z 0 ] = [x, y, 1], where both of x and y vary from −10 to 10. The basins of attraction in the xy plane for the integer-order centrifugal flywheel governor system are shown in Fig. 16 . Different colors in Fig. 16 represent different attraction fields. From Fig. 16 (a) , (b), it can be seen that when parameter noise ε = 0, there are six different color areas with some different color dots. However, when parameter noise ε = 0.1, there are night different color areas, which indicates that noise make the system to generate attractors with more different state. The basins of attraction also proof the rich dynamics of the integer-order system. Take Fig. 16(a) as an example, the six coexisting attractors are showed in Fig. 17 . The colour of different attractors corresponds to the color of different attraction fields in Fig. 16(a) . Fig. 17 indicates that when the initial value of the system changes, the system may show a variety of different states such as chaos, cycle, and quasi-chaos.
Similarly, fix a = 0.3, the basins of attraction in the xy plane for the fractional-order centrifugal flywheel governor system are shown in Fig. 18. Fig. 18 (a) , (b) show that when q = 0.98, noise only changes the distribution area of the basins of attraction, and does not affect the type of coexisting attractors. However, Fig. 18 (c), (d) show that when q = 0.99, types of coexisting attractors has been reduced from eight to three with noise considered. So, the influence of stochastic noise on the dynamic characteristics of integer-order systems and fractional-order systems is different. Thus it is interesting to analyze the effects of noise on the multistability of the systems.
V. CONCLUSION
In this paper, the bifurcation diagram, LCEs and chaos diagram are employed to investigate the dynamics of the integer-order and fractional-order centrifugal flywheel governor systems. Meanwhile, basin of attractor plots and coexisting attractors are applied to illustrate the multistability of the system and complexity of the system is analyzed by the SE algorithm. Rich dynamical behaviours can be observed in the fractional-order system when stochastic noise are considered. And stochastic noise can completely changed the dynamics of the integer-order and fractional-order systems. SE complexity can better distinguish different states of the system and the SE-based chaos diagram can well indicate the different state for both integer-order and fractional-order system. When the initial values are changed, the phenomena of coexistence can be observed. Especially, multistability is observed in such a centrifugal flywheel governor system, and it shows that the system has less multistability when the noise is introduced to the system. Because we usually think that the system will become more complex when the stochastic disturbance is considered. Our future work will focus on the chaotic control for the fractional-order centrifugal flywheel governor system. 
